We present a group of transformations in the space of generalized connections that contains the set of transformations generated by the flux variables of loop quantum gravity. This group is labelled by certain SU (2)-valued functions on the bundle of directions in the spatial manifold. A further generalization is obtained by considering functions that depend on germs of analytic curves, rather than just on directions.
Introduction and motivation
The space of generalized connectionsĀ is a distributional extension of the space of smooth connections in a manifold [AL1, AL2, ALMMT, B] . The spaceĀ features in particular in the canonical approach to quantum gravity known as loop quantum gravity (LQG), 1 where it plays the role of a (kinematical) 'quantum configuration space'.
Following early ideas [AL1, B] , a category theory description of the space of generalized connections has been put forward [V1, V2] and explored, aiming at a complete knowledge of the natural algebraic structures present inĀ. As an example of the interest of this type of formulations, we mention the natural emergence of a group of automorphisms (namely the automorphisms of the groupoid of paths) as a possible distributional extension of the group of spatial diffeomorphims in LQG. This extension, proposed in [V2] , was recently investigated in [BT] , where the relation with a combinatorial formulation of LQG is also explored.
A still unveiled structure inĀ is the group of transformations generated by the LQG flux variables. Being of the momentum type, the flux variables correspond to infinitesimal 'translations' in the configuration spaceĀ. The one-parameter groups of transformations generated by each flux variable are well known [ST, LOST] , and also both generalizations of these transformations [ST, F1, F2] and categorical formulations [BT] have been introduced. However, even including the generalizations, the set of transformations associated with the flux variables does not form a group. Therefore, in order to accommodate the composition of transformations generated by flux variables, one needs to consider a class of transformations inĀ more general than those described so far.
Inspired by ideas presented in [ST, T] , we introduce here a group of transformations inĀ that includes all the transformations generated by the flux variables. Moreover, this group sits inside a larger group of transformations, of the same type, but with a finer dependence. All these transformations leave invariant the so-called Ashtekar-Lewandowski measure, and so they are all unitarily implemented in the LQG (kinematical) Hilbert space.
As in the case of generalized (local) gauge transformations, the full group of generalized flux transformations in question can be seen as the action of a certain group of functions with values in the gauge group. In the present case, those functions depend in general on points and on germs of analytic curves in the spatial manifold. From a different perspective, this group can also be realized as a subset ofĀ, and in this sense it includes the examples of distributional connections typically discussed in the literature.
In what follows, we will focus on the trivial bundle case and the analytic set-up. To avoid repeating the existing literature (see e.g. [T] and references therein), only the basic notions from the space of generalized connections are introduced. Also, only the main arguments of proofs are presented, obviating straightforward technical details.
Generalized flux transformations
Let Σ be a connected analytic manifold, G a compact, connected Lie group, and P (Σ, G) the trivial principal G-bundle over Σ. (G = SU (2) in LQG.)
Let us consider compactly supported, embedded, oriented analytic curves in Σ, i.e. maps c : [0, 1] → Σ whose image is contained in a compact set, which are analytic in the whole domain, and such that c(]0, 1[) is an embedded submanifold. On the set of these curves one introduces an equivalence relation which identifies two curves if they differ only by an orientation preserving analytic reparametrization. Thus, two equivalent curves have the same image and the same orientation. The equivalence classes of such oriented analytic curves are called edges. The set of all edges is here denoted by E.
The natural composition of curves leads to a composition of edges, (e 2 , e 1 ) → e 2 e 1 , if the final point of e 1 coincides with the initial point of e 2 . The inverse e −1 of an edge e is the edge which differs from e only in the orientation.
A generalized connectionĀ is mapĀ : E → G such that
whenever the composition of edges e 2 e 1 is again an edge. 2 The set of all such mapsĀ (with an appropriate topology) is the space of generalized connectionsĀ. Following [ST, T] , let us introduce the notion of germ, for edges. Consider the following equivalence relation in E: two edges are equivalent if they start at the same point and intersect at an infinite number of points, in which case one of the edges is an analytic extension of the other. An equivalence class of edges is called a germ. Thus, a germ at a point x ∈ Σ is characterized by an infinite number of Taylor coefficients (in some parametrization) at x, from which the whole family of equivalent edges can be reconstructed. The set of germs corresponding to a given point x ∈ Σ is independent of x, and will be denoted by K. The germ of e is denoted by [e] .
Since G is a group, the set Map
) defines a group structure. The main object of the present paper is a subgroup of this group, defined as follows.
Definition 1
i) For a given edge e and a point x on e, let e x denote the subedge of e that starts at x, i.e. e x starts at x, has the same orientation as e, and e x ∩ e = e x .
ii) For a given g : Σ × K → G and an edge e, let S(g, e) denote the set of points x along the edge e such that g(x, [e x ]) is different from the identity of the group G.
iii) The subset F ⊂ Map[Σ×K, G] is defined as the set of all elements g such that S(g, e) is a finite set for every given edge e.
It is straightforward to see that F is a subgroup of Map[Σ × K, G], since if S(gg ′ , e) is an infinite set for some edge e, then either S(g, e) or S(g ′ , e) (or both) must be infinite.
Proposition 1 F is a group with respect to the pointwise product.
The following are examples of elements of F.
E1. g supported on a finite number of points, i.e. g is different from the identity of G only in a finite number of points of Σ. On that set, g may depend arbitrarily on the germs.
E2. g supported in an analytic line ℓ, such that g also equals the identity for every germ that defines curves on the line ℓ. Appart from that, g may vary from point to point on ℓ and depend on the germ at each point.
E3
. g supported in an analytic surface S. Like in the E2 case, g is also required to equal the identity for every germ that defines curves on S.
Examples E2 and E3 are well defined due to the following property: the number of points x in the intersection between an analytic edge e and an analytic surface S (line ℓ) such that [e x ] does not define curves in S (ℓ) is finite. The same is true if the surface S (line ℓ) is of the semianalytic type considered in [LOST] . So, S(g, e) is a finite set in such cases.
(To be precise, a germ [e] at a point of a surface S defines a curve in S if there is an edge e in the equivalence class [e] such that e ∩ S = e.) A subgroup of F is obtained when we consider functions g ∈ F that depend not on the full information carried by the germ, but only on the tangent direction of the germ, i.e. such that, at each point, g(x, [e]) = g(x, [e ′ ]) whenever germs [e] and [e ′ ] have the same tangent direction at the starting point x. (More precisely: representative curves c e and c e ′ , in some parametrization, have the same tangent direction at the point x.) Note that this subgroup can be defined exactly like F, with K being replaced by the set S 2 of (oriented) directions in the tangent space T x Σ at a point x, as S 2 coincides with the quotient space of K by the equivalence relation that identifies germs with the same tangent direction.
Definition 2 The subgroup of F of those elements g that depend only on the tangent direction of the germ will be denoted by T F.
Special elements of T F -directly related to the LQG flux variables -are determined as follows.
E4. Let S be an oriented analytic (or semianalytic) surface and g a G-valued function on S. An element g ∈ T F is obtained by declaring that g is supported on S and, on points x ∈ S: i) g is the identity for every germ that defines curves on S; ii) g(x, [e]) = g(x) for germs that define curves pointing upwards (with respect to the orientation of S); iii) g(x, [e]) = g(x) −1 for germs that define curves pointing downwards.
General elements of T F, and among them, compositions of elements of the type E4, will have a more general dependence on the direction at each point.
Though the following is not the aspect we are most interested in, it is important to realize that the full set F can be injectively mapped into the space of generalized connectionsĀ. The image of F by this map includes all the examples of distributional connections given in [AL1, T] .
Proposition 2 There is an injective map F →Ā, g →Ā g .
The imagesĀ g , which are defined by their actionsĀ g (e) on edges, are constructed as follows (using the same procedure as for the construction of graphs adapted to surfaces, or standard graphs [T] ). Given g ∈ F and an edge e, let us denote the starting and ending points of e by x and y, respectively. The finite sets S(g, e) and S(g, e)∪{x, y} are naturally ordered, 3 following the orientation of e. One starts by decomposing e using the set S(g, e), i.e. the edge e is written as a composition of subdges e = a n a n−1 · · · a 1 , where n is some integer, a k ∩ e = a k and the a k 's are edges starting and ending at consecutive points of the set S(g, e) ∪ {x, y}, ∀k = 1, . . . , n. Next, if necessary, one further decomposes the edges a k , so that e is written as a composition of subdges e = b m b m−1 · · · b 1 , m ≥ n, where each edge b k either starts or ends (not both) at a point of S(g, e). In doing so, arbitrary cuts between consecutive points of S(g, e) are introduced. Finally, let us replace the edges b k that end in points of S(g, e) by their inverses, and rename the set of edges so that the edge e is written as a composition of subdges 
where each edge e k starts at a point of S(g, e) and contains no other point of that set, and the symbols ǫ k take values ±1. After a decomposition of the type (2) is performed,Ā g (e) is simply defined bȳ
where x k ∈ S(g, e) is the starting point of the outgoing subedge e k . The first thing to notice about the above construction is that it is well defined, although the decomposition (2) is not unique (due to the arbitrariness in the choice of the subedges e k ). This follows from the fact thatĀ g (e k ) depends only on the germ, and not on the edge starting at x k . Secondly, one can easily check that the mapsĀ g satisfy the properties (1), i.e. they define elements ofĀ.
We finally come to the main results of the paper.
Proposition 3 There is a faithful representation, hereby denoted Θ, of F as a group of transformations inĀ. The transformations generated by the LQG flux variables belong to the subgroup Θ(T F) .
To construct the representation Θ, it is sufficient to give, for each g ∈ F, the images Θ g (Ā) of every generalized connection, which in turn are defined once Θ g (Ā)(e) is known for every edge. To define Θ g (Ā)(e), let us proceed as above, and assume that a decomposition of the type (2) has been performed, corresponding to a given g ∈ F and edge e.
where x k ∈ S(g, e) is the starting point of the edge e k . 4 As above, one can check that the expressions (5, 6) are independent of the particular decomposition (2). It is also easy to convince oneself that Θ g (Ā) belongs toĀ, for every g andĀ (i.e. that conditions (1) are satisfied), and that the mapping g → Θ g is injective.
It remains to see that Θ is a representation. The identity of F is obviously mapped to the identity transformation, so let us just consider the relation Θ gg ′ = Θ g • Θ g ′ . For given g and g ′ , generalized connectionĀ and edge e, the relation Θ gg ′ (Ā)(e) = Θ g • Θ g ′ (Ā)(e) is clearly satisfied in the two cases S(g, e) ∩ S(g ′ , e) = ∅ and S(g, e) = S(g ′ , e). On the other hand, for each fixed edge e, the general case can be reduced to a combination of the above two cases, and the representation property follows.
Thus, the group F can be seen as a group of transformations in the space of generalized connections. Let us consider in particular elements g ∈ T F ⊂ F of the type E4 above, with the G-valued functions g(x) being generated by Lie(G)-valued functions f (x), i.e. g(x) = exp(tf (x)), t ∈ R. The transformations Θ g corresponding to these elements are precisely the transformations inĀ generated by the LQG flux variables (see equations (17) in [LOST] ).
Like the transformations generated by the flux variables, the transformations corresponding to the group F are continuous with respect to the natural topology ofĀ, and leave the Ashtekar-Lewandowski measure [AL1] invariant. The proof is essentially the same as in the case of the flux variables [OL, LOST, F1] . 5 Proposition 4 The Ashtekar-Lewandowski measure is F-invariant.
Moreover, it follows from the results of [OL, LOST] (in particular Lemma 6.2 in [OL] ) that the Ashtekar-Lewandowski measure is the only T F-invariant measure inĀ. 6 The appearence of g −1 in expression (6), instead of g, is simply related to the way in which we write the composition of edges. Also, we are only discussing the nontrivial situation S(g, e) = ∅, otherwise Θg(Ā)(e) =Ā(e).
5 For each fixed g, every graph in Σ can be split and generators chosen such that the transformation Θg is a right translation in the space G N labelled by the graph. 6 Measures µ that are invariant under a transformation T provide a unitary implementation of T in the Hilbert space defined by µ. The same is true for quasi-invariant measures, i.e. such that µ and the push-forward measure T * µ are mutually absolutely continuous.
